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Abstract-This study involves the fundamental aspects of stability of elastic systems and its
solutions. and presents a new formulation of the static stability criterion. The purpose of the study
is to show that by using the constructed self-adjoint boundary problem of a deflected elastic
continuum subjected to follower-type loads. a static method of solution may be utilized. To
demonstrate this approach we start with the illustrative ell.amples where we can find either a physical
analogy for determination of self-adjoint equations. or a mathematical determination of these
self-adjoint equations using the Green's integral (for ttt~ static solution). Determination of the
coefficients for constructing self-adjoint equations can then be accomplished solving the original
equations.
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clletlil:icnts of applied body and surface traction
coetlicients which dcline a self·adjoint systcm of dilTcrential equations
hcnding rigidity (/1 "" EJ)
torsional rigidity (C - (iJ,)
distam:es
modulus of elasticity
modulus "I' shear elasticity
lIessci function
torsiun cunstant
all.ialluad factor for bt:amcolumn (k l

- P/Ei)
length
distance
intensity "fmass
mument f.lctur (,,: = (/'x):/BC)
a.,ial furce in beam culumn (concentrated force)
critical buckling luad
cumpunents uf perturbations of applied surface traction
intensity of lateral load
"lateral" surface loading
cuncentrated lateralluild
"lateral" budy luading
original displacement
adjoint (sclf·aJjuinf) displacement
rectangular coordinates
coetlicients (X '= (PI 1 }/2(BC) Ii!)

components of perturbed applied body traction
pilrameters ilSsociated with thc magnitude of coefficients a". u;,. b" •• b;,.
Lam~'s cunstants of elasticity
parametcr associatcd with thc magnitudc of body and surface tractions
determinilnts of Eulcr critical value of load
eJtpressions for dctcrmination of "adjoint" critical value of load P or 'I
thc Kronecker dcltil
'lIIglc of twist of a bilr
anglc of twist of a bar of the adjoint problem
stress tensor
determin'lllts of dctlections and their dcrivativcs.

\. INTRODUCTION

Determination of the critical load of conservative problems of elastic stability by the
dynamic method is independent of the distribution of mass and determination by the static
method is independent of the distribution of "lateral" load. Dynamic and static methods
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give the same value for the critical load. The critical loads of nonconservative problems an:
dependent on the distribution of mass in solution by the dynamic method (Bolotin. 1961).

We expect that in the static method of solution. the critical load has to be dependent
on the distribution of the "Iateral" load.

This assumption may be partially justified by observing that the equations of motion
are the same as the equations of equilibrium under certain "lateral" forces-the reversed
kinetic reactions.

Using a normal static solution. we obtain an expression for deflection without any
indication of a critical load. Using a constructed self-adjoint static method of solution. we
can obtain a new form for the expressions of deflection and of critical load together. The
expression which defines deflection is identical to the expression we found by normal static
consideration. The expression for determination of the critical load gives us the "adjoint"
critical load which is dependent on the distribution of the "'ateral"load. Note that dynamic
and static methods give different answers for the critical loads.

To illustrate this method of solution. let us consider several problems:

( I) Lateral buckling of a cantilever subjected to a transverse follower force.
(2) A cantilever bar subjected at its free end to a load followed by a point on a bar.
(3) A cantilever bar subjected at its free end to a follower force (Beck's problem).
(4) The adjoint expression of the phenomenon of reversal of deflections.

2. LATERAL BUCKLING OF A CANTILEVER SUBJECTED TO A TRANSVERSE FOLLOWER
FORCE

As is known. this problem is still unsolved statically. It W'IS. however. solved dynam­
ically by Como (1966). To obtain a solution we split Pinto vertical - I' and horizontal
-l'lp(O) components (see Fig. I). The tOrl\ue is given by:

ClP' = P(XII'-II).

The bending moment is computed for the lateral disributed load q.

l

we-
Btl" = - PXlP + Plp(O)X - ~2-'

for the lateral concentrated load Q,

aJ LateraL
or

bJ LateraL Load Q

Fig. 1. Laleral buckling or a canlilever subjected to a transverse rollower rorce.

( I )

(2a)
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8u" = - Pxcp + Pcp(O)x - Qx.

Differentiating (I) and substituting (2a. b) in the result. we have:
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(2b)

. Q ., " ,Q
lor , cp +n-cp-tnp(O) = -w P'

(3a.b)

where

, (Px)=
w =----- and

BC

The boundary conditions being:

(4)

(I) 11(0) = 0; (2) q1'(O) = 0; (3) (p(/) = 0; (4) u'(/) = 0;

(5) u(/) = - f, I,(/); (6) 11'(0) = (j)(0)

and the general solutions arc

and finally

(5)

(6a)

(6b)

forQ. (p(O) = ; [1-1.0304XI~J I ~(X)}.

(7a. b)

foril. (I) - C i///[I_"> 155Xr 14J (\')}u - F/ 1 21' _. '14"

Q JC ufor Q. u(/) = P/ iJ 1.0304X JJ 4(X).

(Xa)

(Sb)

Equations (7:t. b) and (Sa. b) do not ddine a critical load P. To do so we determine a
distance til = U(/)/lp(O) (sec Fig. I). (9)

For if.

(lOa. b)

Here distance tit is dependent on P and type of the lateral load. To illustrate the static
method of solution for the determination of critical load. let us compare this problem with
the prohlem of a cantilever subjected to a transverse force P produced by the tension of a
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a) lateral
or

b) lateral load Q

d,

A
Fig. 2. Lateral oudling \'1' a ':;Illllkver suoJccted to a transverse r\Jr\;e produced by the tension 01';1

.:aok whi.:h always passes through the point A.

cahk which passes through point A (see Fig. 2). This prohlem was solved statically hy
Pramltl (IXlJlJ).

(fwe choose distalH;es ell = 1I(1)!Cp(O) (Fig. I) and eI; = I'(I)N(O) such that ell = eI:. we
ohtain conditions for which the second problem is adjoint:

11(1) 1'(1)
= =tI.

cp(O) Ip(O)

Similarly. we C,lll also ohtain expression (II) from Green's integral

I': L[ep - Cp(O»)[lp -lp(O»)- L[lp -lp(O»)[Cp - cp(O)]} dx

"

( I I)

= [ep-cp(O»),["'-rjl(O)]-[cp-cp(O)][rjI-rjl(O»)'!:J = 1I(I)"'(O)-cp(O)r(l) = O. (12)

by substituting the boundary conditions (5) into terms L' and rjI.
Here

L[cp-cp(O») = [cp-cp(O)]"+n 1[cp-cp(O») = 0

is the left-hand side ofeqns (3a. b) and

( 13)

( 14)

is the self-adjoint differential equation.
The boundary-value problem will be self-adjoint if by virtue of boundary conditions

(5) the integral (12) vanishes for any choice of functions II. cp and r. cp satisfying these
conditions.

For the case in Fig. 2. the equations of equilibrium of moments can be expressed as
follows:
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(15)

" t'(1) qx~
forq. Be = -Pxr/!+P d~ x- T'

., l'(l)
for Q, 8t' = Pxr/!+P d~ x-Qx.

(l6a. b)

The variable t' is eliminated from eqns (15). (16a. b) giving the following equations in terms
ofr/! only

{" r/!" 'r/! ' l'(/) , qxlor q. +n- -n' - = -n'-
d~ 2P'

forQ. r/!" +n2-n~ (.(/) = -n! g.
d2 P

(17a.b)

From eqns (17a. b) we also obtain by substitution r/!(O) = v(I)[<p(O)/u(/)} or r/!(O) =v(l)/d
from (II) to (3a) and (3b) in terms of r/!. The relevant boundary conditions (5) are in terms
of t' and r/!. The solutions to these equations. in terms of Bessel functions are:

forq. r/! = AJ~JlI4(X;:)+A4~J_114(X;:)+ v;; - ~;, (ISa)

forQ. r/! = A,~JI14(X7;)+A/)fiJ-114(X~~)+ t~~) -~. (ISb)

If we satisfy the boundary conditions. we obtain the characteristic equation for all cases:

(19)

We rewrite eqn (19) for determinution of the critical load

(20)

and detlection

(2Ia)

or after substituting eqn (19). we rewrite eqn (21a):

(22a)

and



2550 W DIoUTRIYl:K

(21 b)

or after substituting eqn (19). we rewrite eqn (21 b) :

(22b)

It should be remarked that r(l)!t/J(O) is given by (lOa) and (lOb). Because d , = d! = d. we
can substitute expression (lOa) and (lOb) into eqns (20), (22a) and (22b).

From the characteristic eqn (20) we obtain the following expression for the critical
load:

"4 [J I/4(X)]forq. J_ ,/4 (X)[I-2.1558X- J_J/4(X)]+2XJj4(X) 1-1.0779~ =0. (23a)

and

for Q. J 14 (X) = o.

Equation (23'1) gives us a critical load P for the distributed lateral load q

and eqn (23b) gives us a critical load P for the concentrated load Q

p"r! ;;;;; 6.984(BC) I !W.

(23b)

(24a)

(24b)

Making use of the dynamic analysis for concentrated mass at its free end. Como (1966)
obtained:

(25)

Deflections:

{
ql C J/4 }

X v(l) - 2P I PI! [I - 2.1 558X J _J/4(X)] = 0 (26a)

and

(26b)

These equations are expanded into two expressions. In discussing the solutions of eqns
(26a. b). let us begin with two cases:

(a) As long as the first expression is not equal to zero. the second expression will be
equal to zero and will give a deflection identical to the one found by normal static con­
sideration [see eqns (8a. b)].

(b) If the first expression is equal to zero we can determine the critical load [see eqns
(23a. b)]. Now. because the second expression cannot be zero. the deflection is unstable.
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In conclusion. by applying the adjoint concept of the solution for the problem with a
follower type load. we can determine the critical load by solving the characteristic equations
of the self-adjoint problem. This permits a new form of the expression of the deflection and
critical load together, which we were unable to find by normal static consideration.

The original form of equilibrium is stable only up to a certain force, P. At a force
exceeding this value. which will be termed critical as before, a transition takes place to a
certain new form of instability with ever increasing deflection from the original equilibrium
position.

The stability criterion is the condition for the occurrence ofthe above form ofinstability
anti is called the adjoint stability criterion.

3, A CANTILEVER BAR SUBJECTED AT ITS FREE END TO LOAD FOLLOWED BY A POINT
ON A BAR

To further illustrate the adjoint method of solution. let us consider a cantilever bar
subjected at its free end to a load followed by point B on a bar (see Fig. 3).

We divide P into vertical - P and horizontal - P[ll(/d/'d components.
The differential equation for this case is:

with uniform load q.

" U(ll) qxZ
EJu +Pu-P--x = --'I 2

and with concentrated load Q.

• U(ll}
EJtl + Pu-P II" X = -Qx.

The solutions to these equations arc

and

(27a)

(27b)

(28a)

. ll(/I) Q
for Q. u =A J Sin k.t+A 4 cos kx+ -'-I-X- Px where k Z = P/EJ (28b)

which must satisfy the conditions:

I u(l)

PI P
o I purl.'}

."':':'~--I- .....
I.

o !

~ Ic. ••...a ,...
....
.0

x

Fig. 3. The cantilever bar subjected at its free end to load followed by point B on a bar.
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u(O) = 0; u'(l) = 0; u(/d = u(/l) and u(l) = u(l) (29)

for the next case.
From (28a) and (29) we obtain for q:

I. (I cos kl sin kl I )JI' .+ t; SIO kl l 2- k~/~ -I(f + k 212 t; SIO k/ ,

and from (28b) and (29) we obtain for Q:

u(/l) = ~ {Sin kl l - '+ kl cos k')1*sin k/ ,

1I(l) = ~ I(sin kl-kl cos k/) 1 f sin kl l

or generally. for any distribution of lateral load q:

11(1) = I\(q. k/)/ti I (k/).

The characteristic equation for these cases is:

(30a)

(3Ia)

(30b)

(31 b)

(3Ic)

(32.33)

For a small value II we obtain a l'lrge value of critical load Pw This is impossible.
Let us compare this problem with the problem of a bar with a load P through a fixed

point A (see Fig. 4).
A bar loaded by P through a fixed point A. was solved statically by Feodosyev (1950,

1970).
According to Figs 3 and 4 for til = tl2 = tI we obtain

c:r
~
o
o
-'

,...
o

P
PI

Q !I~!J-I~
I

o !
~ I

~ I
~ ,...
~ A'

x

Fig. 4. The cantilever bar with load P through a filled point A.
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(34)

After differentiation of the left-hand eqns (27a, b) twice. we obtain a self-adjoint form of
the differential equations:

L(u) = Elu"" + Pu" and L(v) = EJv"" +Pt'". (35.36)

We can also obtain expression (34) from Green's integral. using boundary conditions (29)
in terms of v :

fi PJo [vL(u) - uL(v») dx = ~ [r(/)u(/ d - u(l)t·(/ I») =o. (37)

We define expression (34) by substitution of (30a) and (3Ia) for q and (30b), (31 b) for
Q, respectively:

(38a)

el sin k/ - k/ cos k/
_ - _."~.-.,.~._ ...__ ~: _ -- ~_·_~~'·F'~~.'~_"~_~·.. _"-"~

/ '- sin k/ -k/cos k/
/ I I

Dividing the force P into vertical and horizontal components (see Fig. 4) :

(38b)

(39.40)

and rewriting the equations of the elastic curve of the bar:

f' , v(/) qx 2

lorq. EJv' +Pv-P-x = --d
2

2 •
" v(l)

forQ. EJv +Pv-Pd;x = -Qx.

(4Ia. b)

We can obtain adjoint equations (41a, b) by substituting V(ll) = v(/)(/dd) from (34)
into (37a) and (27b) for d l = el2 = d in terms of v.

The conditions (29) also in terms of v. The solutions to these equations are:

. v(l) qx2 q
forq. v=A,smkx+A 6 coskx+ d

2
- 2P+k 2P' (42a)

for Q,
. v(l) Q

v=A 7 smkx+A"coskx+-
d

--x.
2 P

(42b)

Satisfying the boundary conditions (29), we obtain the characteristic equation for all
cases of lateral load
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a = ~2 (kl cos kl - sin k/) - kl cos kl (43)

or for determination of critical load :

klcos k/e-sin kl- ~2 klcoskl =0

and deflection for q:

I ql2 (kl cos kl . kl I cos kl)
at'( ) =- - Sin • + - - --P 2 k/ kl .

We rewrite eqn (45a) after substitution of (43)

(44)

(45a)

[
d2 ] ql2 (kl cos kl. I cos kl) d,

(kl cos kl - sin k/) - I kl cos kl t'(1) = 1'--2- - Sin kl+ kt - ~-f-

(46.1)

And forQ.

6.v(/} ='f, I(kl cos kl- sin kl).

We rewrite eqn (4Sb) after substituion of (43)

(45b)

(kl cos kl-sin kl-'i kl cos k/ )V(l) = ~ I(kl cos k/-sin kl) '~2 • (46b)

Because d l = d2 = d. we can substitute expressions (38a. b) into (44). Now. from the
characteristic eqn (44) we obtain expressions for the determination of the critical load :

"or q. / . k (kl cos kl . kl I cos k/) 0
II l;SIn I, 2 -Sin +ki-~ = .

for Q, *sin k/ I (kl cos k/ - sin k/) =0,

or generally, the adjoint characteristic equation is:

6. 1(k/)e(k/) = O.

(47a)

(47b)

(47c)

Equations (47a, b, c) are expanded into two expressions. From the first expression of
eqns (47a, b), (sin k/, = 0) and of eqn (47c), [e(k/) = OJ we obtain a critical load exactly
like we found by normal static consideration [see eqn (32)]. The second expression of eqn
(47a) gives us for a distributed load q

k/ cos k/ I cos kl
--- -sin kl+ - - -- =0

2 k/ k/

and an "adjoint" critical load equal to:

(48a)
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The second expression of eqn (47b) gives us. for concentrated load Q.

tan kl
id=l.

and an "adjoint" critical load equal to

and the second expression of eqn (47c) for any distribution of q

e(kl) = O.

25SS

(49a)

(48b)

(49b)

(48c)

which gives us a generally "adjoint" critical load. Using the adjoint expression of deflection
with distributed load q. we obtain for d l = dz = d and after substitution of eqn (38a) into
(46a) :

(
kICOSkl. I COSkl){ qI2[II(COSkll-1 I).

2 -slOkl+ki-id v(/)-p I k 2/i +2 (slnkl-klcosk/)

I (I cos kl-I sin kl)]11 }+ -- sin kl· - ------ - --- ...- sin kl , = 0 (SOa)
I I 12kz/z kl II •

and an adjoint expression of deflection with concentrated load Q for ell = elz = d and after
substitution of eqn (38b) into (46b) :

and generally

(kl kl . kl [I Qlsinkl-kICOSk/] 0cos - Sm ) v() - - =
Pl. klT; SIO I

[
K(q.kl)]

e(kl) v(l) - 11
1
(kl) = O.

(SOb)

(SOc)

Equations (SOa. b. c) are expanded into two expressions. The first expression defines
the "adjoint" critical load [see eqns (48a. b, c)] and the second expression defines deflection,
exactly as we found it by normal static consideration [see eqns (31a, b,c)]. It should be
noted that from eqn (SOc), we can obtain another equivalent form:

or finally

(kl) (I) _ K(q, kl)e(kl) =0
e v 11

1
(kl)

K(q. kl)e(k/)
v(l) = 11

1
(kl)e(kl) .

(51 )

(52)

If we cancel out a factor e(k/) from the numerator and denominator. we lose the
"adjoint" solution. For example, if we write eqn (4Sa) in the form
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q/~ (kl cos kl. I cos kl) !
t'(I) = P :2 -sm kl+ kt - t:l 1.1 (53)

after substituting eqn (38a) we obtain:

q/~ [II (cos k/ ,-I I).
t'(/) = P I k~/~ + 2 (smkl-klcoskl)

I . . (I cos kl-I sin kl)J(kl cos kl . . cos kl-I) I
+t;smk/ l 2- k~/~ ---,:[ 2 -smkl------,:r-- 1

I . k (kICOSkl. COSkl-l)
t;sm II :2 -smkl- kl . (54)

This means that if we obtain the equivalent form (52) and go to the "adjoint" form (50c)
instead of canceling out. we will obtain an adjoint solution.

4. A CANTILEVER BAR SUBJECTED AT ITS FREE END TO FOLLOWER FORCE (BECK'S
PROBLEM (195:!)j

The solution to this problem can be obtuined from the previous cuse of a cantilever
bur subjected at its free end to u loud followed by u point on u bar. when the point on u
bar upproaches its free end (II -- O. see Figs J und 5).

From characteristic eqns (47a. b) we obtain:

From cqns (52'1. b).

. (k I cos k I .. . cos k I - I) _
for C/. kl :2 -Sin kl- kl - O.

for Q. kl(kl cos kl- sin k/) = O.

(55'1)

(55b)

'"orq. (kICOSkl_ . . _ COSkI-I)[. _q/~(~ I-coskl_ Sinkl)J_
I' 2 smkl kl t(l) P 2+ k212 kl -0

(56a)

and the adjoint expression of deflection with concentrated load Q is.

0-

-0
0
0....

.... ....
0 0
c.. c..
GI GI
~ ...
.,g 0....
'0

....
..Q

c..
0

x

(see Fig.3)

LimP uCt.) Pu'(O)
t.

t,-O

Fig. 5. The cantilever bar subjected at its free end to follower force (Beck's problem).
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[ Q ( sin kl)J(kl cos kl- sin kl) dl) - PI cos kl- '" = o.

2557

(56b)

It is a full static solution of the stability of the deflected elastic bar subjected to a follower
type load.

Let us examine the solutions to eqns (56a. b). These eqns are expanded into two
expressions. The first expression defines the "adjoint" critical load [see also (48a). (49a)
and (48b). (49b)].

Making use of the dynamic analysis for distributed mass. Beck (1952) obtained

(57)

The "adjoint" critical load is [see also (55a) and solution (49a)]:

(58)

Making lise of the dynamic analysis for concentrated mass Jf. Dzhenalidze (1958)
obtained

(59)

The "adjoint" critical load. for com:entrated load Q is the sante [sec (4%)1.
The second expression in eqns (56a. b) gives us deflection. exactly like that which is

found by normal static consideration.

5. TilE ADJOINT EXI'RESSION or TUE PHENOMENON OF REVERSAL OF DEFLECTIONS

It is interesting to note that the ddkctions produced by the two opposite eccentrically
applied compn:ssive forces P on a beam of length I on two simple supports may reverse
direction during a continuous increase in the value of P. It is a purely conservative probh:m.

The differential equation of the elastic curve for this case (see Fig. 6) is:

, , (2.1: )v" +k'v = k-e ,- 1 ,

The solution of eqn (60) according to the conditions at the ends takes the form

(
1+cos kl , )

L' = I! cos kx ----;--k--/ - Sin kx +2x/(I- I)
Sin .

or in an equivalent form

Fig. 6, The simple supported beam subjected to the opposite eccentrically compressive force P.

(60)

(61 )



[

,kl
cos- .,

l' = t.' coskx- kl - kl sin /.:\+2.\" (/

SIn ., cos .,

(62)

where e is an eccentric and k: PEl. By multiplying the solution (62) by cos (kl/2) and
making corresponding changes. we obtain a tinal adjoint expression of the detlection:

kl { [ kl]}cos i 1'-(' coskx-sinhtan :2 +:2xiU-l) =0. (63)

There are two possibilities for the left-hand side of (63) to become ZI.'W. Eithercos (kl:2) = O.
which gives for the adjoint critical load the value

(64)

or the expreSSitlll in the hrat:kets may beCtlllle zenl alld define the well klwwncOllVentional
ddlection which does lwt indicate the real niticalload :

(65)

This solutioll of the pllL'nlllllellon of reversal of detkctiolls makes the C\lIH.:ept of the adj\lillt
critical load of nOlle\IIlServ;ltive prohlems more tlllderstandahle.

h. Till'. ST:\ IIC STAlIll.Il Y 01 .'\~ U.i\STIC CONTINUUM

Let us cOllsider all iSlltropic, hOlllllgeneous, elastic solid oeeupyillg a volume V boullded
by a finite surface .'i. It will be assumed that on olle pari llf the houndary llf the solid S"
the displacements are pn:cribed so as to preclude a rigid body motion. Rdi.:rring to an
orthogonal Cartesian coordinate system XI (N\lVozhilov. I ()4X ; BololOn. I ()61) has obtained
the following eqlwtiolls for the static boundary-value problem:

with the following boundary conditilllls on the surface:

in I'. (66)

where

II, = 0, on S". (67.6K)

(69.70)

In eqns (66). (67) II, is the displaL"ell1ent vcctor measured from the undisturhed state
and til is the outward positive unit normal VL"L"tor to ,<.;. ~. is a par;lllletcr ~lssociated with the
magnitude of body and surfaL"c tr;l\;tions. III eqll (69). i. and II are Lam\:'s constants of
dastiL"ity. The repeated indi,.:es are summed over the range of their definition and X,. {J, arc
the components \11' the perturbations of the applied body and surface traL"tion and their
form will depend on the behavior of the nonconservative forces. They will generally be
homogeneous fllllL"tions of displacement and their derivatives with respeL"t to space. For
this present study. however. it sutlkes to restrict X, and 1', to the following expressions:
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(71. 72)

where aji • b'lk. a;/, b;}k are coefficients which are independent of the vector Uj and its
derivatives but in general are functions of spatial coordinates Xj' and 0:, p, 0:', P' are
parameters associated with magnitude of these coefficients.

The solutions of the homogeneous system of eqns (66) with the boundary conditions
(67) with (71). (72) give the characteristic equations:

tJ.,(:r.,p.a:',p', 'I) = 0, (73)

and eqn (73) sometimes gives. for some range of coefficients, 0:. P.:r.', P'. the critical value
ofy.

If a body and a surface are subjected to the additional "lateral" body loading Q, and
surface loading qi' by solving nonhomogeneous system ofequations. we obtain expressions
for the deflections

and their derivatives

(Jui w/(x., y, QH q/)

ax. = tJ.,(a.{J.o:'.{J', y)'

(74)

(75)

The boundary v'llue problem is self-adjoint if by virtue of the boundary conditions,
the expression

(76)

vanishes for any choice of vectors u" U2, UJ and VI. V2, VJ satisfying these conditions. Here
L i are the left-hand side of eqns (66).

After integrating we have (Bolotin, 1961):

After substituting (71) and (72) into (77) we obtain:

(78)

From the well known conditions Uk = 0, OUiOXk = 0 and their combinations which can fill
eqn (78), we have other conditions:
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l'f U, ~

~ = ;- = ~". under the body forces., ,

Cl' (~uJ
_f

exlc exlc- = - = :J, Ic. under the body forces.
l', U, f

l', uJ ••- = - = ~". under the surface forces.
l', U,

Crf eUf

exlc _ exlc _ '1'
- - "'flc' under the surface forces.

t', U,

]
~

E
E
::l

'"'5c:

(79)

Now we can determine the relations (79) from the expressions (74) and (75) and they
are dependent on the disribution of "lateral" loads Q, and q" These determined relations
(79) provide the possibility to construct a self-adjoint system of equations. which fulfills
conditions (76). (77).

(80.81)

where

A, = :XCI" Cit + Ilh,;1c ,'J" •• (82.83 )

Now. because these equ,ltions are self-adjoint. we can find the critical value of y. The
expected solutions of this homogeneous system of eqns (80) with boundary conditions (81)
are characteristic equations [see eqns (23a. b). (47.1, b, c), (55a, b)]:

Equations (84) are cxp'lllded into two expressions. from the first expression

~,(:x,II,'Yo',tr,y) = 0,

(84)

(85)

we obtain the critical value of y for some range of coetficients (1.,11. (1.', II', as we found by
normal static consideration [see eqn (73)]. The second expression of eqns (84) gives us the
"adjoint" critical value of y. If a body and a surface are subjected to the same additional
"lateral" body load Q, and surface load q" the expected solution of deflections are [see eqns
(26a, b), (SOu,b,c»):

(')[' - ,.,;,(x., t, Q,.q,) ] =0
£, 'I t, A ( P 'P' .u, (I.. ,'Yo, ,y)

or in the equivalent form [see (52) and (54»):

(86)

(87)

It is the expected full static solution of deflected elastic continua subjected to follower type
loads.

Equations (86) arc exp.lmled into two expressions, The first expression gives an
"adjoint" critical value of}', and the second gives a deflection such as was found by normal
static consideration [see eqn (74»).

We can remark that. eqns (66) with (71) and boundary conditions (67) with (72) arc
identical to eqns (80) and boundary conditions (81), which may be proved as follows.

Equations (80) can be written as:
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we observe that

after substitution.

(89)

• ('j

I,ij =~ and (90)

from (79).
Now we obtain eqns (66) and (71) in terms of v. Boundary conditions (81) can be

written as:

(91)

We ohserve that

after substitution.

(92)

and (93)

from (79) to A'.
Now boundary conditions (91) have the form of (67) with (72) in terms of t·. We must

remark again that eqns (80) with boundary conditions (81) are self-adjoint. because they
are constructed by conditions (76), (77).

7. CONCLUSIONS

(1) Both sets ofdilTerential equations and boundary conditions give the same ex.pression
for deflection.

(2) Only a self-adjoint set of dilTerential equations and boundary conditions can give
an ex.pression for the critical load.

(3) The adjoint method complements the static method of solution (divergence).
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